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Abstract
In this paper, we present recent results in harmonic analysis in the real line R
and in the half-line R+, which show a closed relation between Hermite and Laguerre
functions, respectively, their symmetry groups and Fourier analysis. This can be
done in terms of a unified framework based in the use of rigged Hilbert spaces. We
find a relation between the universal enveloping algebra of the symmetry groups
with the fractional Fourier transform. The results obtained are relevant in quantum
mechanics as well as in signal processing as Fourier analysis has a close relation with
signal filters. Also, we introduce some new results concerning a discretized Fourier
transform on the circle. We introduce new functions on the circle constructed with
the use of Hermite functions with interesting properties under Fourier transforma-
tions.
1
1 Introduction
The seminal work by Fourier of 1807, published in 1822 [1], about the solution of the
heat equation had a deep impact in physics and mathematics as is well known. Roughly
speaking, the Fourier method decomposes functions into a superposition of “special func-
tions” [2, 3]. Among these special functions, trigonometric functions, originally used by
Fourier himself, play a fundamental role in the standard applications of Fourier series as
well as Fourier transforms. In addition, the Fourier method makes use of other types of
special functions, which in many cases are associated with groups. In this latter case,
these special functions have symmetry properties, inherited from the corresponding group,
and this is for instance the way in which harmonic analysis appears in group representa-
tion theory [4]. An interesting aspect of Fourier analysis is the decomposition of Hilbert
space vectors, quite often square integrable functions on some domain, into orthogonal
basis. This generalizes both, the standard Fourier analysis of trigonometric series and the
decomposition of a vector in terms of an algebraic basis of linearly independent vectors.
Another generalization is the decomposition of a self-adjoint or normal operator on a
Hilbert space in terms of spectral measures, say through the spectral representation the-
orem. We are mainly interested in these generalizations concerning Hilbert space vectors
and operators.
In a recent work [5] we have revisited the harmonic analysis on the real line and
studied the relation between the Hermite functions, the Weyl-Heisenberg Lie algebra and
the Fourier analysis inside the framework of rigged Hilbert spaces. As is well known, the
Fourier transform relates two continuous bases which are used in the description of one-
dimensional quantum systems on the real line. These are the coordinate and momentum
representations, naturally connected with the position and the momentum operator [6,7],
respectively. They span the Weyl-Heisenberg algebra together with the identity operator.
Moreover these two continuous bases can be related with a discrete orthonormal basis
labeled by the natural numbers via the Hermite functions. In consequence, we have
continuous and discrete bases within the same framework. However, only discrete bases
as complete orthonormal sets have a precise meaning in Hilbert space. If we have a
structure allowing to work with these types of bases and to find relations among them,
one needs to extend the Hilbert space to a more general structure called the rigged Hilbert
space.
The fundamental message of the present paper is to show how a class of different and
apparently unrelated mathematical objects, such as classical orthogonal polynomials, Lie
algebras, Fourier analysis, continuous and discrete bases and rigged Hilbert spaces, can
be fully wived as a branch of harmonic analysis, with applications in quantum mechanics
and signal processing, among other possible applications.
We have mentioned that the mathematical concept of rigged Hilbert space is very
important in our work, although we shall not particularly stress this role here as we are
mainly interested on the implications of the above mentioned tools in Fourier analysis.
As rigged Hilbert spaces may not be familiar to many readers, let us briefly recall on
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this concept. It has been introduced by Gelfand and collaborators [8] in connection with
the spectral theory of self-adjoint operators. They proved, together with Maurin [9], the
nuclear spectral theorem as was heuristically introduced by Dirac [10].
In fact, a rigged Hilbert space or Gelfand triple is a set of three vector spaces
Φ ⊂ H ⊂ Φ× ,
where H is an infinite dimensional separable (i.e., with a countable orthonormal basis)
Hilbert space, Φ is a topological vector space endowed with a topology finer than the
Hilbert space topology and dense on H with the Hilbert space topology, and Φ× is the
dual space of Φ (i.e., the space of linear (or antilinear) continuous mappings from Φ into
the set of complex numbers C) and it is endowed with a topology compatible with the
dual pair (Φ,Φ×).
The rigged Hilbert space formulation of quantum mechanics was introduced by Bohm
and Roberts in the sixties of the last century and further developed later [11–17]. Con-
tinuous bases are well defined in the dual Φ×. The action of a functional F ∈ Φ× on a
vector ϕ ∈ Φ is usually written as 〈ϕ|F 〉 in order to keep up with the Dirac notation.
We shall assume the antilinearity of the elements in Φ× because we consider the scalar
product on Hilbert space is antilinear to the left.
The first part of the present paper is devoted to a review of a previous work by the
authors [5] concerning to the above mentioned extension of Fourier analysis on the real
line with the use of special functions such us Hermite functions, which will be here our
main example. This is studied in Section 2 and with the help of the Fractional Fourier
transform in Section 3.
In addition, we give a second example in which the real line has been replaced by the
semi-axis R+ ≡ [0,∞) and Hermite functions by Laguerre functions. In this latter case,
we can construct two Fourier-like transforms T ± with appropriate eigenvectors defined
as functions on the half-line. This is given in Sections 4 and 5. Extensions to Rn using or
not spherical coordinates are also possible, although we shall not consider this option in
the present manuscript [18]. In Ref. [19] we revisited the harmonic analysis on the group
SO(2) using the framework of the rigged Hilbert spaces and in Ref. [20] a new realization
of the group SU(2) in the plane in terms of the associated Laguerre polynomials has been
introduced.
Moreover, we introduce some new results concerning harmonic analysis on the circle.
We construct new functions on the circle using Hermite functions and taking advantage
of their properties. Again, these new functions give a unitary view of different mathemat-
ical objects that are often considered as unrelated: Fourier transform, discrete Fourier
transform, Hermite functions and rigged Hilbert spaces.
To understand the importance of the present research, let us remark that that Hermite
and Laguerre functions are bases of spaces of square integrable functions, no matter
whether real or complex, defined on R and R+, respectively. Square integrable real and
complex (wave) functions play a similar role in signal processing and quantum mechanics,
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respectively. Besides, the interest of signal processing comes after the definition of two new
types of filters. The former is based in restrictions to subspaces of L2(R) or L2(R+). We
have systematically constructed these filters by the use of the fractional Fourier transform.
The second one is to choose low values of the index n in the span of a given function
by either Hermite or Laguerre functions (we may also use a combination thereof). These
filters clean the signal or the wave function from noise or other unwanted effects.
In addition, since the basic operators related with these functions span some Lie
algebras, such as the io(2) [21] for the Hermite functions and the su(1, 1) for the Laguerre
functions, we can introduce a richer space of operators on L2(R) or L2(R+), related to
the universal enveloping algebra of io(2) or su(1, 1), respectively [22].
These operator spaces connect functions describing the formal time evolution from a
state to another in terms of filters or some kind of interaction.
2 Harmonic analysis on R
The first example of Fourier analysis and its relation with group theory is the case of
the one-dimensional translation group T1 ≃ R (a similar version but related to the group
SO(2) can be found in [19]). Its unitary irreducible representations, R, on the continuous
basis {|p〉}p∈R of eigenvectors of the infinitesimal generator P of the group is given by
R(x)|p〉 = e−iPx |p〉 = e−ipx |p〉 ; P |p〉 = p |p〉 , ∀p ∈ R , ∀x ∈ T1 . (1)
The vectors of the basis {|p〉} verify
〈p|p′〉 =
√
2pi δ(p− p′) , 1√
2pi
∫ ∞
−∞
|p〉〈p| dp = I . (2)
Considering the position operator X and a continuous basis {|x〉}x∈R of eigenvectors of
it, i.e.
X |x〉 = x |x〉 , ∀x ∈ R ≃ T1 . (3)
Via the Fourier transform we can relate both (conjugate) bases {|p〉} and {|x〉}
|x〉 = 1√
2pi
∫ ∞
−∞
e−ipx |p〉 dp, |p〉 = 1√
2pi
∫ ∞
−∞
eipx |x〉 dx, (4)
such that we find for the basis {|x〉} that
〈x|x′〉 =
√
2pi δ(x− x′) , 1√
2pi
∫ ∞
−∞
|x〉〈x| dx = I . (5)
Moreover the operators X , P and I close the Weyl-Heisenberg algebra
[X,P ] = i I , [·, I] = 0 . (6)
For more details see Ref [23].
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2.1 Hermite functions and the group IO(2)
Now we can consider the inhomogeneous orthogonal group IO(2) which is isomorphic to
the Euclidean group in the plane, E(2). For the study of the projective representations
[24–26] we have to deal with the central extended group [21]. We take into account a non-
standard approach related to the ray representations of the inhomogeneous orthogonal
group IO(2) by considering the algebra of the harmonic oscillator that it is isomorphic
to the central extension mentioned above. So, we have to consider the operators
a :=
1√
2
(X + iP ) , a+ :=
1√
2
(X − iP ) , N := a a+ , I ,
which determine the Lie commutators
[a, a+] = I , [N, a] = −a , [N, a+] = a+ , [I, ·] = 0 ,
and the quadratic Casimir
C = {a, a+} − 2(N + 1/2) I .
In the representation for C = 0 we obtain the differential equation
CKn(x) ≡
(−D2x +X2 − (2N + 1)) Kn(x) = 0 , (7)
where P = −iDX = −i d/dx and N is an operator acting in the index n ∈ N of the
functionsKn(x) solutions of the differential equations (7), i.e. N Kn(x) = nKn(x), n ∈ N.
These solutions are the Hermite functions
Kn(x) :=
e−x
2/2√
2nn!
√
pi
Hn(x) , (8)
where Hn(x) are the Hermite polynomials, that determine an orthonormal basis in L
2(R)∫ ∞
−∞
Kn(x)Km(x) dx = δnm ,
∞∑
n=0
Kn(x)Kn(x
′) = δ(x− x′) . (9)
Note that we denote by N the set of positive integers or natural numbers together with
0 and by N∗ = N− {0}.
We see that the spectrum of the operator N is infinite but countable and we are able
to construct a countable orthonormal basis of eigenvectors of N , {|n〉}n∈N, in terms of
the continuous basis related to X and the Hermite functions
|n〉 := (2pi)−1/4
∫ ∞
−∞
Kn(x) |x〉 dx , n = 0, 1, 2, . . . . (10)
From the properties of the continuous basis as well as of the Hermite functions we obtain
that
〈n|m〉 = δnm ,
∞∑
n=0
|n〉〈n| = I . (11)
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It is worthy noticing that the Hermite functions are eigenfunctions of the Fourier
transform
[F Kn](p) ≡ K˜n(p) = 1√
2pi
∫ ∞
−∞
eipxKn(x) dx = i
nKn(p) , (12)
which allows us to related the three bases that we have defined in this section. The new
ones are
|n〉 = in(2pi)−1/4
∫ ∞
−∞
Kn(p) |p〉 dp , (13)
|x〉 = (2pi)1/4
∞∑
n=0
Kn(x) |n〉 , (14)
|p〉 = (2pi)1/4
∞∑
n=0
inKn(p) |n〉 . (15)
We see that the Hermite functions are the elements of the “transition matrices” between
the continuous ad the discrete bases. We can express any ket |f〉 in any of the three bases
obtaining the expressions
|f〉 = 1√
2pi
∫ ∞
−∞
dx f(x) |x〉 , |f〉 = 1√
2pi
∫ ∞
−∞
dp f˜(p)∗ |p〉 = (2pi)−1/4
∞∑
n=0
an |n〉 ,
(16)
with
f(x) := 〈x|f〉 =
∞∑
n=0
anKn(x) , f˜(p)
∗ := 〈p|f〉 =
∞∑
n=0
(−i)n anKn(p) , (17)
and
an = (2pi)
1/4 〈n|f〉 =
∫ ∞
−∞
dxKn(x) f(x) = i
n (2pi)−1/4
∫ ∞
−∞
dpKn(p) f˜(p)
∗ . (18)
So, we have obtained three different ways for expressing a quantum state |f〉 in terms of
three different bases: two continuous and non-countable {|x〉}x∈R, {|p〉}p∈R and {|n〉}n∈N
infinite but countable. Nevertheless the framework to deal together with all these three
bases is a rigged Hilbert space [13].
In particular, the set {|n〉 ≡ Kn(x)}n∈N is a discrete basis of Φ ≡ S (the Schwartz
space) and H ≡ L2(R) and the continuous bases belong to Φ× ≡ S× (the space of tem-
pered distributions). More precise we have two equivalent rigged Hilbert spaces: an
abstract one Φ ⊂ H ⊂ Φ× and other one, realized in terms of functions, S ⊂ L2(R) ⊂ S×
through the unitary map U : H 7−→ L2(R) defined by U |n〉 = Kn(x). Another interesting
fact related with the framework of the rigged Hilbert spaces is that the space S belongs to
the domain of all operators in the universal enveloping algebra of iso(2), UEA[io(2)], and
also these operators can be extended by duality to operators on S×, which are continuous
under any topology on S× compatible with the dual pair. For a detailed exposition of
the actual case see [5] and references therein.
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2.2 UEA[io(2)] and fractional Fourier transform
Let us consider the kets |n〉 that constitute a complete orthonormal system in the abstract
Hilbert space H. For any n ∈ N and 0 < k ≤ n ∈ N we can consider the natural numbers,
q and r such that n = k q + r , where r = 0, 1, 2, . . . , k− 1. For k fixed the set {|k q + r〉}
is a complete orthonormal system in H. Let us define the operators
Q |k q + r〉 := q |k q + r〉 , R |k q + r〉 := r |k q + r〉 . (19)
These operators also act on Φ ⊂ H and can be extended by duality to Φ×.
The universal enveloping algebra UEA[io(2)] contains infinitely many copies of the Lie
algebra io(2). Thus, for any positive integer k we have the pairs (k, r) with 0 ≤ r ≤ k−1
such that each pair labels a copy of io(2) denoted by iok,r(2) and
k−1⊕
r=0
iok,r(2) ⊂ UEA[io(2)] .
We define the family of operators A†k,r and Ak,r belonging to UEA[io(2)] by
A†k,r := (a
†)k
√
N + k − r√
k
∏k
j=1(N + j)
, Ak,r :=
√
N + k − r√
k
∏k
j=1(N + j)
(a)k ,
where A†k,r is the formal adjoint of Ak,r and viceversa. They are continuous on Φ and can
be extended by continuity to the dual Φ×. Their action on the vectors |k q + r〉 is
A†k,r |k q + r〉 =
√
q + 1 |k (q + 1) + r〉 , Ak,r |k q + r〉 = √q |k (q − 1) + r〉 .
For each pair of integers k and r with 0 ≤ r < k, the operators Q,A†k,r, Ak,r and I close a
io(2) Lie algebra denoted by iok,r(2)
[Q, A†k,r] = +A
†
k,r , [Q,Ak,r] = −Ak,r ,
[Ak,r, A
†
k,r] = I , [I, ·] = 0 .
Note that for any pair (k, r) the kets |k q + r〉 span subspaces Hk,r of H and L2k,r(R) of
L2(R). Hence, we have that
H =
k−1⊕
r=0
Hk,r , L2(R) =
k−1⊕
r=0
L2k,r(R) . (20)
On the other hand, the spaces Φk,r and Sk,r can be easily obtained. A vector |φ〉 belongs
to Φk,r if and only if
|φ〉 =
∞∑
q=0
aq |k q + r〉 , (21)
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such that
∞∑
q=0
|aq|2 (q + 1)2p <∞ , p = 0, 1, 2, . . .
A similar result can be achieved for any function in Sk,r, just replacing |k q+r〉 in (21) by
the normalized Hermite functions Kk q+r(x). Moreover the corresponding rigged Hilbert
spaces can be obtained
Φk,r ⊂ Hk,r ⊂ Φ×k,r ,
Sk,r ⊂ L2k,r(R) ⊂ S×k,r .
(22)
One can also prove that an operator O belongs to UEA[iok,r(2)] if and only if O is an
operator of Hk,r.
The split of L2(R) as direct sum of subspaces L2k,r(R) is connected with the fractional
Fourier transform, which is is a generalization of the Fourier transform [27]. It is very
interesting that we can also relate the fractional Fourier transform with the Hermite
functions Kn(x) (8) as follows. The fractional Fourier transform of f ∈ L2(R) associated
to a ∈ R, Faf , is given by
[Faf ](p) :=
∞∑
n=0
an e
i n a pi/2Kn(p) , (23)
where
f(x) =
∞∑
n=0
anKn(x) , an =
∫ ∞
−∞
f ∗(x)Kn(x) dx , (24)
Series in (23) obviously converges in both the L2(R) norm and in the sense given in (21)
provided that f(x) ∈ S, so that Faf ∈ S if f ∈ S.
If we consider the case a = 4/k, where k is a positive integer, we get
f˜k(p) := [F4/k f ](p) =
∞∑
n=0
an e
2pi in/kKn(p) . (25)
Note that we recover the standard Fourier transform when k = 4, i.e. a = 1. Since for
every k ∈ N∗ any n ∈ N can be decomposed as n = k q+ r with q ∈ N and 0 ≤ r ≤ k−1 ,
we have the following decomposition of f˜k as
f˜k(p) =
∞∑
q=0
akq e
2pi(kq)i/kKkq(p) +
∞∑
q=0
akq+1 e
2pi(kq+1)i/kKkq+1(p)
+ · · ·+
∞∑
q=0
akq+k−1 e
2pi(kq+k−1)i/kKkq+k−1(p)
= f˜k0 (p) + f˜
k
1 (p) + · · ·+ f˜kk−1(p) ,
(26)
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where
fkr (x) :=
∞∑
q=0
akq+rKkq+r(x) , f˜
k
r (p) := e
2pi r i/k fkr (p) .
The vectors f˜kr , (r = 0, 1, . . . , k − 1) are mutually orthogonal, so that (26) gives a split
of L2(R) into an orthonormal direct sum of subspaces. Furthermore, having in mind that
f˜kr (p) ≡ [F4/k fkr ](p), we see that each term in the direct sum is an eigen-subspace of F4/k
with eigenvalue ei2pir/k, i.e., independently from the bases {|x〉} or {|p〉}
L2(R) = L2k,0(R)⊕ L2k,1(R)⊕ · · · ⊕ L2k,k−1(R) .
Thus, we have recovered the decomposition displayed in (21) and (22)
3 Harmonic analysis on R+
Let L2(R+) be the space of square integrable functions on R+ ≡ [0,+∞). As is well
known a complete orthonormal set in L2(R+) is determined by the functions
Mαn (y) =
√
Γ(n+ 1)
Γ(n+ α + 1)
yα/2 e−y/2 Lαn(y) , (27)
where −1 < α < +∞, n = 0, 1, 2, . . . , and Lαn(y) are the associated Laguerre polyno-
mials [28, 29]. The Laguerre functions, Mαn (y), verify the following orthonormality and
completeness relations∫ ∞
0
Mαn (y) M
α
m(y) dy = δnm ,
∞∑
n=0
Mαn (y) M
α
n (y
′) = δ(y − y′) . (28)
3.1 Harmonic analysis on su(1, 1)
Considering the operators on L2(R+)
Y Mαn (y) := yM
α
n (y) , DyM
α
n (y) := M
α
n (y)
′ =
d
dy
Mαn (y) ,
N Mαn (y) := nM
α
n (y) , IM
α
n (y) := M
α
n (y) ,
(29)
we can construct the operators
J+ :=
(
Y Dy +N + 1 +
α− Y
2
)
, J−
(
−Y Dy +N + α− Y
2
)
. (30)
They act on the basis functions Mαn (y) as
J+M
α
n (y) =
√
(n+ 1)(n+ α + 1)Mαn+1(y)
J−M
α
n (y) =
√
n(n+ α)Mαn−1(y).
(31)
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These two operators together with
J3 := N +
α + 1
2
I , J3M
α
n (y) =
(
n +
α + 1
2
)
Mαn (y) ,
close the Lie algebra su(1, 1) because their commutation relations are
[J3, J±] = ±J± , [J+, J−] = −2 J3 . (32)
The Casimir operator C of su(1, 1) is
C = J 23 −
1
2
{J+, J−} = α
2 − 1
4
I . (33)
From (30) we obtain that Y = −(J+ + J−) + 2N + (α + 1) I , and from the Casimir it is
possible to obtain the differential equation defining the associated Laguerre polynomials.
Omitting the technical details that the interested reader can find in Ref [5], there
exists a set of generalized eigenvectors of Y , {|y〉}y∈R+, (or more strictly of U−1Y U ,
where U : H 7−→ L2(R+) is a unitary operator and H be an arbitrary infinite dimensional
separable Hilbert space) such that
Y |y〉 = y|y〉 , 〈y|y′〉 = δ(y − y′) ,
∫ ∞
−∞
|y〉〈y| dy = I . (34)
Actually we have two (families, depending on α, of) equivalent rigged Hilbert spaces
Φα ⊂ H ⊂ Φ×α and Dα ⊂ L2(R+) ⊂ D×α . All the elements and their extensions of the
UEA(su(1, 1) are continuous on both rigged Hilbert spaces.
In analogy with the case of the whole real line a decomposition like (20) for any
k 6= 0 ∈ N is also obtained
H =
k−1⊕
r=0
Hk,r , L2(R+) =
k−1⊕
r=0
L2k,r(R
+) . (35)
For any n ∈ N and α ∈ (−1,+∞), we can define the vectors |n, α〉 ∈ Φα as
|n, α〉 :=
∫ ∞
0
dyMαn (y)|y〉 , (36)
that from (28) and (34) have the properties
〈n, α|m,α〉 = δnm ,
∞∑
n=0
|n, α〉〈n, α| = I . (37)
Hence, |n, α〉 with n ∈ N (and α fix) is a complete orthonormal set (orthonormal basis)
in H. Taking into account the unitary operator U we have U |n, α〉 = Mαn . For y ≥ 0, we
easily obtain that
〈y|n, α〉 =
∫ ∞
0
dy′Mαn (y
′) 〈y|y′〉 =Mαn (y) . (38)
Note that as we see for the whole real line we have also obtained two different bases for
the elements in Φα ⊂ H: a continuous basis {|y〉}y∈R+ and a discrete basis {|n, α〉}n∈N
whose elements are eigenvectors of the operator U−1NU where N was defined in (29).
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3.2 Fourier-like transformations on R+
In section 2.2, we have presented the fractional Fourier transform associated to the Her-
mite functions. Now after the results displayed in the previous section that show a close
analogy between the formalisms on R and on R+ we can have the temptation to extend
the Fourier fractional formalism to the generalized Laguerre functions. Nevertheless,
this is not possible since the Laguerre functions, Mαn (y), are not eigenfunctions of the
Fourier transform unlike the Hermite functions. Fortunately there exists a partial way
out because the relations between Hermite and Laguerre polynomials
H2n(x) = (−1)n 22n n!L−1/2n (x2) , H2n+1(x) = (−1)n 22n+1 n! xL+1/2n (x2) ,
that give equivalent relations between the Hermite and the Laguerre functions
K2n(x) = (−1)n (x2)1/4 M−1/2n (x2) , K2n+1(x) = (−1)n x (x2)−1/4 M1/2n (x2) .
Defining the transforms T± on functions f(y) ∈ L2(R+) by
[T±f ](s) := 1√
2pi
∫ ∞
0
dy
S±(
√
s y)
(s y)1/4
f(y) , S+(·) = cos(·), S−(·) = sin(·) (39)
we can see that they verify
[T±M±1/2n ](s) = (−1)nM±1/2n (s) , (40)
i.e.,M
±1/2
n (s) are eigenfunctions of the operators T±, respectively, with eigenvalues (−1)n.
Hence we have two relevant values of the label α: ±1/2. Then, for any f(y) ∈ L2(R+)
since
f(y) =
∞∑
n=0
a±n M
±1/2
n (y) , a
±
n =
∫ ∞
0
f ∗(y)M±1/2n (y) dy , (41)
we can define two new fractional integral transforms for each a ∈ R, T a± , by
[T a± f ](s) :=
∞∑
n=0
a±n e
i n a pi/2M±1/2n (s) .
In the case of a = 4/k with k ∈ N∗ we have
f˜k±(s) := [T 4/k± f ](s) =
∞∑
q=0
a±kq e
−2pi(kq)i/kM
±1/2
kq (s) +
∞∑
q=0
a±kq+1 e
−2pi(kq+1)i/kM
±1/2
kq+1 (s) + . . .
· · ·+
∞∑
q=0
a±kq+k−1 e
−2pi(kq+k−1)i/kM
±1/2
kq+k−1(s)
= fk0,±(s) + e
−2pii/k fk1,±(s) + · · ·+ e−2pi(k−1)i/k fkk−1,±(s) , (42)
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with
fkr,±(s) :=
∞∑
q=0
a±kq+rM
±1/2
kq+r (s) .
We have recover the decomposition (35) of L2(R+) for the particular cases of α = ±1/2
L2(R+) = L2k,0(R
+)± ⊕ L2k,1(R+)± ⊕ · · · ⊕ L2k,k−1(R+)± ,
where each of the closed subspaces L2k,r(R
+)± is an eigen-subspace of T± with eigenvalue
e−2pi r i/k.
4 A new harmonic analysis on the circle
The Hermite functions Kn(x) allow us to construct a countable set of periodic functions
that constitute a system of generators of the space of square integrable functions on the
unit circle L2(C), i.e., the functions f(φ) : C 7−→ C with norm ∣∣∣∣f(φ)∣∣∣∣ defined by
||f(φ)||2 := 1
2pi
∫ pi
−pi
|f(φ)|2 dθ <∞ . (43)
Let us define the periodic functions (with period 2pi)
Kn(φ) :=
∞∑
k=−∞
Kn(φ+ 2kpi) , −pi ≤ φ < pi , n = 0, 1, 2, . . . . (44)
It can be proved that the series defining the Kn(φ) are absolutely convergent and also
that every Kn(φ) is bounded and square integrable on the interval −pi ≤ φ < pi. From
this property can be also proved using the Lebesgue theorem that∫ pi
−pi
eimφ dφ
∞∑
k=−∞
Kn(φ+ 2kpi) =
∞∑
k=−∞
∫ pi
−pi
eimφKn(φ+ 2kpi) dφ . (45)
4.1 A discretized Fourier transform on the circle
Let us compare the space L2(C), also denoted as L2[−pi, pi], to the space l2(Z) of 2-power
summable sequences. As is well known, an orthonormal basis on L2(C) is {(2pi)−1 einφ}
with n ∈ Z. Hence, any f(φ) ∈ L2(C) admits the following span (Fourier series)
f(φ) =
1
2pi
∑
n∈Z
fn e
inφ , fn ∈ C , (46)
with
fn =
1
2pi
∫ pi
−pi
f(φ) e−inφ dφ , (47)
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and where the sum (46) converges in the sense of the norm (43). Moreover for continuous
functions f(φ) the series also converge pointwise. The properties of orthonormal basis in
Hilbert spaces show that
1
2pi
∑
n∈Z
|fn|2 = ||f(φ)||2 . (48)
We may call to the sequence of complex numbers {fn}n∈Z, the components of f .
The Hilbert space l2(Z) is a space of sequences of complex numbers A ≡ {an}n∈Z such
that
||A||2 := 1
2pi
∑
n∈Z
|an|2 <∞ , (49)
with scalar product given by
〈A|B〉 := 1
2pi
∑
n∈Z
a∗n bn . (50)
An orthonormal basis for l2(Z) is given by the sequences Ek = {δk,n}n∈Z with k ∈ Z. Any
f ∈ l2(Z) with components {fn}n∈Z may be written as
f =
1
2pi
∑
n∈Z
fn En , 1
2pi
∑
n∈Z
|fn|2 = ||f ||2 < +∞ . (51)
So, there exists a correspondence between L2(C) and l2(Z) relating any f(φ) ∈ L2(C) as in
(46) with f as in (51) with the same sequence {fn}n∈Z. This correspondence, f(φ) 7−→ f ,
is clearly linear, one-to-one and onto. Also, ||f(φ)|| = ||f ||, which shows that it is, in
addition, unitary.
From expression (46) we see the expansion on Fourier series of the functions of L2(C).
From this point of view, we may say that the Fourier series is a unitary mapping, F , from
L2(C) onto l2(Z). It admits an inverse, F−1, from l2(Z) onto L2(C), which is also unitary
and is sometimes called the discrete Fourier transform, i.e.
F [f(φ)] = 1
2pi
∑
n∈Z
fn e
inφ ≡ {fn}n∈N , F−1[{an}n∈N] = 1
2pi
∑
n∈Z
an e
inφ ≡ a(φ) , (52)
with fn ∈ C and given by (47).
As we mention in the introduction we will give a unitary version of concepts that are
often introduced separately, like Fourier transform, Fourier series and discrete Fourier
transform in one side and the Hermite functions on the other.
We start by constructing a set of functions in l2(Z) using the Hermite functions Kn(x).
We introduce the sequences χn associated to Kn(x) as follows
χn := {Kn(m)}m∈Z , n ∈ N . (53)
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These sequences χn are in l2(Z). Moreover, they are linearly independent and span l2(Z).
The proof can be find in [31] and they are based on the fact that∣∣∣∣∣∣∣∣∣∣∣∣
H0(−N) . . . H0(0) . . . H0(N)
H1(−N) . . . H1(0) . . . H1(N)
. . . . . . . . . . . . . . .
H2N (−N) . . . H2N (0) . . . H2N(N)
∣∣∣∣∣∣∣∣∣∣∣∣
6= 0 , (54)
and ∣∣∣∣∣∣∣∣∣∣∣∣
H0(0) H0(1) . . . H0(N)
H1(0) H1(1) . . . H1(N)
. . . . . . . . . . . .
HN(0) HN(1) . . . HN(N)
∣∣∣∣∣∣∣∣∣∣∣∣
6= 0 , (55)
for any N ∈ N where Hn(k) is the Hermite polynomial Hn(x) evaluated at the integer k
(remember that Kn(x) = e
−x2/2Hn(x)/
√
2nn!
√
pi).
Since the functions Kn(φ) are in L2[−pi, pi], they admit a span in terms of the or-
thonormal basis {(2pi)−1 eimφ}m∈Z in L2[−pi, pi]. Thus, we can write
Kn(φ) = 1√
2pi
∞∑
m=−∞
kmn e
−imφ , (56)
with
kmn =
1√
2pi
∫ pi
−pi
eimφKn(φ) dφ . (57)
The continuity of the functions Kn(φ) on [−pi, pi] guarantees the pointwise convergence of
(56) and since the Kn(φ) are periodic with period 2pi, hence (56) is valid for all φ ∈ R.
We recall that the Hermite functionsKn(x) are eigenfunctions of the Fourier transform
with eigenvalue (−i)n (12), i.e. [F Kn](p) = (−i)nKn(p). So Kn(x) are eigenfunctions of
the inverse Fourier transform with eigenvalue in, i.e. [F−1Kn](x) = inKn(x). From this
fact we can find an explicit expression of the coefficients kmn (57) in terms of the values
of the Hermite functions at the integers
kmn =
1√
2pi
∫ pi
−pi
eimφ dφ
[
∞∑
k=−∞
Kn(φ+ 2kpi)
]
=
1√
2pi
∞∑
k=−∞
∫ pi
−pi
eimφKn(φ+ 2kpi) dφ
=
1√
2pi
∞∑
k=−∞
∫ pi+2kpi
−pi+2kpi
eimsKn(s) ds =
1√
2pi
∫ ∞
−∞
eimsKn(s) ds = i
nKn(m) ,
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were s := φ + 2kpi and eimφ = eim(φ+2kpi) = eims. Hence (56) and (57) can be written,
respectively, as
Kn(φ) = i
n
√
2pi
∞∑
m=−∞
Kn(m) e
−imφ , Kn(m) =
(−i)n√
2pi
∫ pi
−pi
Kn(φ) eimφ dφ , (58)
where kmn = i
nKn(m).
The systems of generators in L2[−pi, pi] ≡ L2(C), {Kn(φ)}n∈Z, and in l2(Z), the set of
sequences {χn}n∈Z, are not orthonormal basis. The scalar product on L2[−pi, pi] is related
with the scalar product in l2(Z)
〈Kn|Km〉 =
∫ pi
−pi
K∗n(φ)Km(φ) dφ =
1
2pi
∫ pi
−pi
dφ
∞∑
j=−∞
∞∑
k=−∞
(−i)n imK∗n(j)Km(k) e−i(k−j)φ
=
∞∑
j=−∞
∞∑
k=−∞
δj,k i
m−nK∗n(j)Km(k) =
∞∑
j=−∞
im−nK∗n(j)Km(j)
= im−n (χn, χm) .
The Gramm-Schmidt procedure allows us to obtain orthogonal bases in both spaces.
5 Conclusions
In this paper we have presented a unified framework where Hermite functions, or alter-
natively Laguerre functions, their symmetry groups, Fourier analysis and rigged Hilbert
spaces fit in a perfect manner. Hermite functions play a fundamental role in the study
of quantum mechanics and signal processing on the real line R, while Laguerre functions
play the same role on the half-line R+. We have also studied the particular relation
between both situations. In both cases, these functions are eigenvectors of the Fourier
transform and this is an essential property.
It is precisely the use of rigged Hilbert spaces, what allows the use of discrete and
continuous bases on a simple and interchangeable manner. This makes rigged Hilbert
spaces the correct mathematical formulation that encompasses both quantum mechanics
and signal processing. Here, Hermite functions act as transition elements of transition
matrices between continuous as discrete bases. This is a quite interesting fact, which is
important from the computational as well as the epistemological point of view.
We have shown how Fourier analysis allows for the decomposition of rigged Hilbert
spaces into direct sums of rigged Hilbert spaces. This may permit the filtering of noise or
any other undesirable addition. The same applies to operators as we may restrict their
evolution to a sub-algebra, which has been chosen among infinite other possibilities in the
universal enveloping algebra of the corresponding symmetry group. The decomposition
of rigged Hilbert spaces is consistent with the fractional Fourier transform. This is the
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cornerstone of the filtering procedure. We have extended the formalism to functions over
the semi-axis R+ by the construction of a pair of “Fourier-like” transformations which play
the role before assigned to the Fourier transform on R. Fractional Fourier transforms may
be defined after these Fourier-like transforms and also serve for filtering. Moreover, the
algebraic approach associated to the Lie symmetry algebra and its universal enveloping
algebra allows us to extend all results from the vector spaces to the operators acting on
them.
All these results can be also translated, in some sense, to the circle. We have con-
structed some special functions on the circle out of Hermite functions and have taken
advantage of the properties of Hermite functions in order to use Fourier analysis on the
circle as well.
As a final remark, let us insist that we have given a unitary point of view of mathe-
matical objects that are often considered as unrelated such as Fourier transform, discrete
Fourier transform, Hermite and Laguerre functions and rigged Hilbert spaces.
Acknowledgements
This work was partially supported by the Ministerio de Economı´a y Competitividad
of Spain (Project MTM2014-57129-C2-1-P) and the Junta de Castilla y Leo´n (Projects
VA057U16 and VA137G18).
References
[1] J.B.J. Fourier, The´orie Analytique de la Chaleur, (F. Didot, Paris, 1822).
[2] M. Berry, Phys. Today 54 (2001) 11.
[3] G.E. Andrews, R. Askey, R. Roy, Special Functions (Cambridge Univ. Press, Cam-
bridge, 1999).
[4] G.B. Folland, A Course in Abstract Harmonic Analysis, (CRC Press, Boca Raton,
2015).
[5] E. Celeghini, M. Gadella and M. A. del Olmo, J. Math. Phys. 57, 072105 (2016).
[6] S.C. Coutinho, A Premier on Algebraic D-modulus, (Cambridge University Press,
Cambridge Ma, 1995).
[7] G.B. Folland, Fourier Analysis and its Applications, (Pacific Grove, CA, Wadsworth,
1992).
16
[8] I.M. Gelfand and N. Ya. Vilenkin, Generalized Functions: Applications to Harmonic
Analysis, (Academic, New York, 1964).
[9] K. Maurin, General Eigenfunction Expansions and Unitary Representations of Topo-
logical Groups, (Polish Scientific Publishers, Warszawa, 1968).
[10] P. A. M. Dirac, The principles of Quantum Mechanics, (Clarendon Press, Oxford,
1958).
[11] J. E. Roberts, Comm. Math. Phys., 3, 98 (1966).
[12] J. P. Antoine, J. Math. Phys., 10, 53 (1969).
[13] A. Bohm, The Rigged Hilbert Space and Quantum Mechanics, Springer Lecture Notes
in Physics, 78, (Springer, Berlin, 1978).
[14] O. Melsheimer, J. Math. Phys. 15, 902916 (1974).
[15] M. Gadella and F. Go´mez, Found. Phys., 32, 815 (2002).
[16] M. Gadella and F. Go´mez, Int. J. Theor. Phys., 42, 2225-2254 (2003).
[17] M. Gadella and F. Go´mez, Acta Appl. Math., 109, 94 (2010).
[18] E. Celeghini, M. Gadella and M. A. del Olmo, J. Math. Phys. 59, 053502 (2018).
[19] E. Celeghini, M. Gadella and M. A. del Olmo, Acta Polytechnica. 57, 379 (2017).
[20] E. Celeghini, M. Gadella and M. A. del Olmo, “SU(2), associated Laguerre poly-
nomials and rigged Hilbert spaces” in Quantum Theory and Symmetries with Lie
Theory and Its Applications in Physics,Vol. 2, Dobrev, V. (ed.), Springer Proceed.
in Math. & Statist. 255 (Springer, Singapore 2018).
[21] M. Gadella, M. A. Mart´ın-Arista, L. M. Nieto and M. A. del Olmo, J. Math. Phys.
32, 1182 (1991).
[22] E. Celeghini and M. A. del Olmo, Ann. Phys. (NY), 335, 78 (2013).
[23] Wu-Ki Tung, Group Theory in Physics, (World Scientific, Philadelphia, 1985).
[24] M. Hammermesh, Group Theory, (Addison-Wesley, Reading Ma, 1962).
[25] V. Bargmann, Ann. Math., 59, 1 (1954).
[26] E. Celeghini and M. Tarlini, Nuovo Cimento, 65B, 172 (1981).
[27] H. M. Ozaktas, Z. Zalevsky and M. Alper Kutay, The Fractional Fourier Transform,
(Wiley, Chichester, 2001).
17
[28] M. Abramovich and I. A. Stegun, Handbook of Mathematical Functions with Formu-
las, Graphs, and Mathematical Tables, (Dover, New York, 1972).
[29] F. W. J. Olver, D. W. Lozier, R. F. Boisiert and C. W. Clark (Eds.), NIST Handbook
of Mathematical Functions, (Cambridge UP, Cambridge Ma, 2010).
[30] A. Bohm, M. Gadella and P. Kielanowski, SIGMA, 7, 086 (2011).
[31] E. Celeghini, M. Gadella and M. A. del Olmo, Hermite functions and Fourier series
in the circle; in preparation (2018).
18
